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Griffiths’ Singularities in Diluted Ising Models on the
Cayley Tree
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The Griffiths singularities are fully exhibited for a class of diluted ferromagnetic
Ising models defined on the Cayley tree (Bethe lattice). For the deterministic
model the Lee-Yang circle theorem is explicitly proven for the magnetization at
the origin and it is shown that, in the thermodynamic limit, the Lee-Yang
singularities become dense in the entire unit circle for the whole ferromagnetic
phase. Smoothness (infinite differentiability) of the quenched magnetization m at
the origin with respect to the external magnetic field is also proven for con-
venient choices of temperature and disorder. From our analysis we also con-
clude that the existence of metastable states is impossible for the random models
under consideration.

KEY WORDS: Lee-Yang singularities; Griffiths’ singularities; infinite dif-
ferentiability; metastable states.

1. INTRODUCTION

For systems with quenched impurities the equilibrium properties depend
not only on the usual parameters (temperature, magnetic field, etc.) but
also on the impurity distribution. The presence of randomness may affect
their critical behavior by rounding first order transitions [ AW] and may
also produce singularities of unconventional type: a whole region of the
phase diagram corresponding to a pure phase may be populated by “weak”
singularities (see e.g. ref. [F]).
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Griffiths [G] was the first to realize and actually prove such
phenomenon. He considered a random Ising ferromagnet in Z¢ described
by the Hamiltonian

H(o; &) =— ) J,00,—HY 0, (1.1)
<xyd x

where o¢:Z%3x—0,€{l, —1} is a configuration of spins which are
coupled by a nearest neighbor interaction of the form

Jo=8.8, (12)

with ¢ ={¢&,, xeZ“} being independent and equally distributed Bernoulli
random variables

- {1, with probability p (13)

0, with probability 1 — p '

Griffiths has shown [ G] that the free energy for this model cannot be
analytically continued from H >0 to H <0 for all temperatures below the
critical temperature 7 (p = 1) of the deterministic model and all p < p,, the
threshold of site percolation. This result has been extended beyond p,,
independently, by Siité [S] and Frohlich {F]. As a consequence, Siitd
claimed that a metastable phase cannot take place in diluted Ising models.

Although the presence of Griffiths’ singularities is now recognized to
be a common feature of disordered systems (see ref. [ F] and references
therein), few progress has been made since Griffiths’ original work. The
emergence of Griffiths’ singularities may be explained as follows. The fact
that there occurs, with positive probability, arbitrarily large regions inside
which the system is strongly correlated, leads the Lee—Yang’s zeros [LY ]
to become dense over the unit circle in the complex plane. It is this very
last statement that prevents the free energy to be continued analytically
and which turns out to be hard to verify even in the most simple examples.

The aim of this article is to exhibit in all possible details the Griffiths’
singularities in a caricature model for the system (1.1)-(1.3). We consider
a class of bond diluted Ising models given by the Hamiltonian (1.1) defined
on the Bethe lattice whose disorder is introduced as follows.

Let %, be an homogeneous rooted Cayley tree (Bethe lattice) of order
k, ie., a tree with k+ 1 bonds attached to each site which is not the root
(called origin).

A bond b is classified according to its distance from the origin. Thus,
b belongs to the generation M (or to the equivalent class indexed by M)
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if a directed path starting from the origin pass exactly by M —1 bonds
before it reaches b.
To each generation M a Bernoulli random variable &,

1, with probabilit
£ = { p Y Pu (1.4)

0, with probability g,, =1 — p,,

is assigned and we then set J,, =,/ 1f {xy) =b is a bond at the generation
M and O otherwise. See Fig. 1.

For any event 4, which is an element of the o-algebra generated by
the space of spin configurations, we define the quenched expected value of
A as

A=E[A]=ELA4>(&) (15)

where E, is the expectation with respect to the disorder variables and

(ANE == T A(g) e P70 (16)

z(¢&) 7

is the thermal average with

Z(f) — Z e B ()

o

being the partition function.

Fig. 1. The homogeneous rooted Cayley tree for k =2 and the couplings &,,.
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The expectation (1.5) is a function of the inverse temperature f, the
external magnetic field H and the sequence of Bernoulli parameters
p=1{p} 2, Let z={p:0<p;<1,j=1,2,.} and notice that [, p,<1.
For 0<a<l, let n,={pen:lim,_, , p,---p,=a}. Also, for convenience,
we write { =e¢ 2 and z=e" ¥

We shall first take the expectation in a finite tree % ,, M=1,2,..,
with free boundary conditions and study the function 4: [0, 1] x C x>
A(¢, z,p)eC in the limit as M goes to infinite. We recall that 4 is not
translation invariant, even at the thermodynamic limit.

As in ref. [ G], instead of analyzing the free energy, we shall be concer-
ned with the magnetization at origin m :=E[o,] = E.{ ¢ >(&) which can be
written as

m=F+1I (1.7)
with F:=lim, _, , F,, where
N—1
Fy:= Z ay{ToY 3 (1) (1.8)
M=0

gives the contribution to m due to finite clusters and 7:=limy _, Iy,
where

In:=pi--p.Log) (1) (1.9)

is the contribution of the (unique) infinite cluster. Here, for any observable
A, (A, i1s the thermal average (1.6) with %, replaced by the finite tree
% s and a,,, M eN, is given by

aO::l—pla
ay:=pi-Pn(l—pni1)s Nz1

Equation (1.7) is a consequence of the fact that (a(>(&) = {64> (1)

for all £ such that ¢, =--- =¢,,=1 and &,,, ; =0. In addition, since
N-—-1
Y a,+pypy=1
n=0

for any Ne N, we note that 3° o a,=1—a for all pen,. Clearly, {a,} ",
is a summable sequence.

There are two different manners of m fail to be analytic in z depending
on the behavior of F and I. When { > {_, with {, being the critical point of
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the deterministic model, both F and I are analytic in a neighborhood
of R, . F is responsible for the Griffiths’ singularities for all { <{, and pe =
while I develops a discontinuity at z =1 for { <{, and pe n, with a > 0 (see
Theorem 1.6 for precise statements).

By assigning a single random variable to bonds at the same genera-
tion, only thermal expectations of “perfect” finite trees have to be com-
puted in the quenched magnetization (1.7). This simplified form of m,
which is analogous to that introduced by McCoy and Wu [MW] for the
random Ising model in Z? (see also ref. [Fi] for a one dimensional model
related to ours), has to be compared with similar equation for the model
defined by Eqgs. (1.1)-(1.3):

¥

Here, m,, is the magnetization density in the cluster i (a finite connected
piece of Z¢) and P, the probability that an isolated cluster  contains the
origin. The sum in (1.10) contains the contributions of finite and infinite
clusters. The sum over finite clusters runs over ¢” different clusters ¢ con-
nected to the origin and with size || =n, ne N, whereas only one cluster
with size (k™ *'—1)/(k—1) for each generation M of the Cayley tree &,
contributes to (1.7). Also, only one infinite cluster appears in the class of
models we considered.

On a general ground the Griffiths singularities emerge from the con-
tribution of the finite clusters to m, provided there exists an infinite collec-
tion C of finite clusters such that the union U(C) of all Lee—Yang zeros of
all clusters in C has z=1 as an accumulation point. For the absence of
metastability U(C)=S' should be required. To fully exhibit the presence
of Griffiths singularities or the absence of metastability in random
ferromagnetic models the validity of such requirements on U(C) has to be
proven explicitly. For this, the relation between ne N and the number of
clusters of size n connected to the origin is of lesser importance and, hence,
the class of models we considered is likely to share some important proper-
ties of more complicated systems.

In this paper we will prove the following two theorems, which
illustrate explicitly Lee-Yang and Griffiths theorems for the particular
model introduced above. In order to simplify the presentation of the results
of this work, our analysis will be restricted to the Cayley tree €, with k =2.

Theorem 1.1 (Analyticity). The magnetization at origin,
m=m({, z, p), given by (1.7) is an analytic function of z in the domain
{zeC,|z| <1} U{zeC, |z| > 1} for all {e[0,1] and pex. |

822/88/1-2-17
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Griffiths [ G] has argued that the Lee—Yang singularities, in the ther-
modynamic limit, accumulate at z=1 for all T< T, (see also ref. [KG]).
The next theorem shows that the singularities in our model are dense over
the arc A :={z=e": K<|0| <=} in the unit circle for some K = K({) and
do accumulate at z=1 for all { <{, = 1/3. More precisely,

Theorem 1.2 (Distribution of Singularities). Let {e[0,1] and
p € = such that a, #0 for infinitely many values of #. Then, the magnetiza-
tion at origin, m=m({, z, p), cannot be analytically continued from
{lz| <1} to {|z| > 1} (or vice-versa) along the arc of circle 4, where
K=K({) is given by

3ams<w>
2
K({) = —4arctan< 3(3_5)(%_1)) if {.<{<{
5-3¢
0 if {<{,

with £, e(1/3, 1), {, ~0.46409.
In addition, for all { >{, and pe =, m is an analytic function of z for
all ze C\A4, , where k =x({) is given by

. {sin ¢ -
K'_4ar0tan<—l+4’cosdg>_¢ (1.11)

with cos ¢ :=1/(20)—3¢. 1

Remark 1.3. The proof of Theorem 1.2 is based on a detailed
description of the singularities of {o,),{(1) which are located, by
Theorem 1.1, in the unit circle. These are isolated poles which accumulate
in the arc 4. The measure properties of this set will not be described
in this work (for this and some of our results in a similar model see
ref. [BG-R]-[ Mo1). Our estimates can be easily adapted to provide better
values for K and {,. We believe that {, can be pushed up to 1. Note that
ANA# @ for all (. <{<{, with limmz(. K(C)=1imc\¢c k({)=0 (see
Fig. 2).

Remark 1.4, Due to the dilution, free boundary conditions were
imposed. It is interesting to note that the circle theorem is no longer valid
for boundary conditions corresponding to a different magnetic field (even-
tually infinite) acting on the spins at the boundary.

Remark 1.5. As discussed by Siit6, Theorem 1.2 immediately
implies absence of metastability for our diluted model. We recall that our
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Fig. 2. The limit set of singularities (bold arcs) in two regimes.

models distinguish the contribution of the finite clusters from the contribu-
tion of the infinite cluster. When p=1 the system reduces to the deter-
ministic Ising ferromagnet on the Cayley tree which exhibits metastability
as in the mean field theory.

Recently, Dreifus, Klein and Perez [ DKP] have established infinite
differentiability of the quenched magnetization for general disordered spin
systems using a modified high temperature expansion which converges in
the presence of Griffiths’ singularities. We here are able to study the right
and left derivatives of m at z=1 when spontaneous magnetization occurs
and the high temperature expansion does not converge. In view of
Theorems 1.1 and 1.2 it suffices to examine only the neighborhood of z=1
inzeR, when {<(..

Theorem 1.6 (Continuity and Differentiability). For any 0<{<{,,
zeR, and pen,, the quenched magnetization m given by (1.7) is always
a continuous function of z with m(1)=0. Moreover, F is at least k-times
differentiable at z=1 for 0<{<{. and pe=n, provided the sequence
{a;A¥} 2 with

j=0
1-{
A=A :=2——
(=273
is summable, ie.,
1 |d*F ©
— |—|< CcD* Kig.
o |27 <CD j;o/l a (1.12)

for some finite constants C= C({) and D = D({).
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In addition, for all pen,, with a >0, m is a discontinuous function of
z at z=1 with

lim [(1—2) = m(1 +2)] =24 a —35)1‘11 +{)h2

I (113)

Remark 1.7. For zeR_, z#1, (1.12) holds with A* replaced by
p=u({, z), uniformly in k (see Theorem 6.7). This, in particular, implies
that m(z) has a convergent power series, in agreement with Theorem 1.1.

Remark 1.8. The summability condition on {a;4”*} >, can be
fulfilled in two different regimes:

1. When lim,_  m(z)=0, the Bernoulli parameters pen,, can be
chosen such that

—1 N
— ) lnp>klni+p
¥ I

holds for all N> N,, for some N,= Ny(k, 1) < oo and p > 0. Notice that, if
p; ~e 7" with £>0, the magnetization m is infinitely differentiable.

2. For pen,, with a> 0, the function / must be considered. One can
show, by applying the implicit function theorem to Eq. (3.18), that I(z) can
be analytically continued from z<1 to z>1 (and vice-versa). From this
and Theorem 1.6, if p,, , >1—(0A%)/, with § <1, then A*a,<é/ and ‘l[l+1e

right and left derivatives of m at z=1 exist up to order k. If p; ~1 -/,
with &> 0, the right and left derivatives of all orders exist.

Lee-Yang circle theorem (Theorem 1.1) is proven in Section 3,
Griffiths theorem (Theorem 1.2} in Sections 4 and 5 and Theorem 1.6 will
be proven in Section 6.

2. SOME BASIC RESULTS AND DEFINITIONS

In this section we present some basic mathematical facts which we will
use in the proofs of our main results. Some useful definitions are also intro-
duced.

For z e C consider the map 7,: C+— C given by Cau — 7,(u) with

7, (u) = h{zu)
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where, for weC,

h(w):=<fj:;v> 1)

with 0 <{<1.
Let us denote by 7™ the nth composition of 7, with itself, for ne N:

tWi=1,0.-. 01 (2.2)

z

————

n

with 7(9(u)=u, ue C. Very often we will be interested in the following
functions of z:

w,(z) :=zz"(1) (2.3)

with ne N.

Let us start with some elementary remarks concerning the function 4.
First, note that # has a unique double pole at w= —1/{. Moreover, A(w)
is bounded on C\0@, where ¢ is any open set containing the pole and has
a removable singularity at the complex infinity. Therefore it could actually
be considered as a map of the Riemann sphere S? into itself. As such a map
h is holomorphic in S*\{ —1/{}. Moreover, in S? one has h(w) = h(w) and

h(w=") =h(w)~! (24)

Both relations together imply that 2 maps the unit circle S':={we S?:
|w| =1} into itself, since for we S', h(w)=h(w) "
Let us denote by D _, the open unit disk in $? and by D the com-
plement of its closure. More generally, for a > 0 call
D_,:={weS* |w|<a} and D_,:={weS* |w|>a}

>a

The following theorem is very important for this work.

Theorem 2.1. For the whole interval 0<{ <1, the function %
maps D _, into itself and D | into itself. i

Proof. By (2.4) it is enough to prove the claim for D _;. For 0 <{ <1
the function # is analytic in D_,. If we S, the boundary of D _,, we have
seen that |A(w)| = 1. Therefore, since A is not constant in D _,, we conclude
by the Maximum Modulus Theorem (see e.g., ref. [T]) that |hA(w)| <1 for
alweD_,. |
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One can also trivially see that 2 maps R into itself. So, we have also
established the following picture, which will play a central role in our
discussions:

Corollary 2.2. As a function of z, w,(z) maps each of the sets
D_,,S!'and D, into itself for all ne N and all { [0, 1). Moreover, each
of the sets [0,1) and (1, 0)c R, is also mapped into itself. Finally,
w,(1)=1, forall neN. |

We will also make use of the following observation. The function # is
the ratio of two polynomials in z of degree 2 and, hence, t"(1) can be
written as the ratio of two polynomials of degree 2"+ ' —2:

P.(2)
0.(%)

where P,(z) and Q,(z) are polynomials in z of degree 2" *' —2.

(1) = (25)

3. ANALYTICITY OF m

This section is devoted to the proof of the analyticity of the quenched
magnetization at the origin, as described in Theorem 1.1. We start by com-
puting the partition function Z,,({) in a finite tree with M generations and
¢ =1 (deterministic case).

Let Z,=(Z",Z;), j=0,1,., M, be a sequence of two-component
vectors defined recurswely by

2
zp =( 3 ererzy)
=({z) T RZE £ (M rZ ) (3.1)
with Z}, =Z,, =1
If the spin configurations are summed starting from the branches
towards the root, the partition function Z,,(&) at £=1 can be written as

Z(\)=z"'2Z3 + 2225 (32)

To compute the one point-function

ao) ul(&) = Y gpe PO (3.3)

ZM(C)
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we repeat the calculation leading to (3.2) for the numerator in (3.3). Except
by the last summation on the spin at the root, all remaining ones give
exactly the same expressions. We thus have

z7\PZF —ZPZ 5 1 —z4,
z7VZy 42225 T 1424,

(o) u(l)= (34)

where 4;=27/Z*.
From (3.1), the sequence {4}
relation:

M

;=0 satisfies the following recurrence

4, =1(4), j=l..M (3.5)

with 4,,=1. We have thus proven the following proposition.

Proposition 3.1. The one point function (o) (1), defined on a
finite tree %, ,, with no disorder (£=1), can be written as

1 —wy,
(03 s (D) =28 = 0, (2) (36)
where
1_
) =1 +i (3.7)

for xeC, x#—1. |

We will present the proof of Theorem 1.1 in the next two subsections.
The first is dedicated to the proof of analyticity of F and the second to the
proof of analyticity of I.

3.1. Analyticity of Fin 83\S'
Using (3.6) we can write (1.8) as
N—1
Fy(z):= ), a,r(w,(z)) (3.8)

n=0

Consider now any open set % such that # = D _,. One has

inf |w,(z)+1|>1—sup{|w|, we B} =:C~'>0 (3.9)
ze R
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since, by Corollary 2.2, w,(z)e D _, for all ze # and all ne N. Moreover,
under the same hypotheses |1 —w,(z)| <2. Therefore, using the fact that
{a,}_, is a summable sequence, we have

|F\(2) — Fu(z)] <2C Mil la,| <e (3.10)

n=N

for any prescribed ¢ > 0, by choosing M > N, and N large enough. Hence,
F(s) is a uniform Cauchy sequence of analytic functions in 4 and, conse-
quently, its limit exists and is analytic in 4.

Since & is generic, this shows that F(z) is analytic in the whole set
D_,. To prove that F(z) is also analytic in D ., we observe that, by (2.4),
one has

wi(z)=(w,(z7") 7! (3.11)

and, hence, Fy(z)= —Fy(1/z), Ne N.

3.2. Analyticity of /in S2\S"

Let us consider the closed set D, :=D_,uS'cC and the map
t7,.D,— D, for ze D _, fixed.

Proposition 3.2. The map 7, is contractive on D, for 0<{<1
and |z| <p ({), where p _({): [0,1] - [0, 1] is given in (3.16). Therefore,
by the Banach fixed point theorem, the sequences {t")(w)},.n, With
we Dy, converge to € D, which is the unique solution in D, of the fixed-
point equation

T=1,(t)=h(zT) (3.12)
Moreover, for |z| < po<p_({) and |w|, |v| <1 one has
|h(zw) — h(zv)| < q o |w — | (3.13)

with g5 :=2(1-0) po/(1 —(po)*<1. |

Proof. We want to analyze |7,(w)—1.(v)|=|h(zw)—h(zv)| for
w,veD,. A computation shows that A(zw)—Ah(zv)= Q(z, w, v(w—0),
where

C+zw N §+zv} z2(1-0%) (3.14)

oz, w, z) :={ 1+8zw 1+ Lzv]| (1 4+ {zw)(1 +{zv)
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We prove that 7 is contractive provided we find conditions which guarantee
that |Q(z, w, v)| <gq for some constant ¢ with 0 < g < 1.
Since |({ + zw)/(1 +¢zw)| <1 for |z|, |w]| €1 one has

0tz w0 <2010 A (3.15)

One has |Q(z, w, v)| < 1 provided
=P +2 12 A+ =) = 1= =zl —p (D)2l — p 1 (0)) <O

where

1+(-0 1+20-0°1=-0
pgm=+56i/%jiéx ) (3.16)

Note that 1 +2{—¢'>0 for {e[0,1].
Next we show that p_ ({)>1and p_({) <1, for {€(0, 1). These con-
ditions are equivalent to the condition

(1+=2072—-(1+20 -1 - <0 (3.17)

but the left hand side equals —¢%(1 —{)(1+3{) which is manifestly
negative for 0 <{ < 1.
We have established that, under the hypotheses, |7.(w)—17.(v)| <
g |w—v| for some fixed g with 0 < ¢ <1 what means that 7_ is contractive.
Since the right hand side of (3.15) is an increasing function of |z} for
0< |zl <1/{, we have [Q(z, w,v})| <qgp<1 for 0<(z{ <po<p _({). This
completes the proof of the proposition. ||

Remark 3.3. One has to show that p _({) > 0, what means that the
region of validity for z of the last proposition is in fact non-empty. Since
14720 for (e[0,1], it is enough to show that (1+{—{*)°—
(1420 —2%(1—¢%) > 0. But the left-hand side equals {* and so, positivity
of p_({) is proven. Actually, one finds numerically that p_({) > p, >~ 041
for all {€[0,1]. Finally we notice that lim, ,,p ({)=1/2 and that
p _(1)=1. This last fact means that the region {zeC: |z| <p_({)} con-
verges to D_, when { - 1.

We are now in position to establish the following important result:

Theorem 3.4, The sequence w,(z), ne N, of analytic functions on
D _, converges uniformly to an analytic function w=w(z) on the whole
set D_,. 1
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Proof. The sequence t{”(1), ne N, is a sequence of analytic functions
of ze D _, which is uniformly bounded in this domain, since |t{(1)| <1.
Proposition 3.2 says that this sequence converges on the open subset
D, =D_,. Now, according to Vitali’s Convergence Theorem (see, e.g.,
ref. [T]), these facts guarantee that the sequence converges uniformly on
the whole D _, to a function ©(z), analytic on D _,. Since w,(z) = zz{"”(1),
the sequence of analytic functions w,(z) converges uniformly to
w(z)=1z1(z). |

Theorem 3.5. For all {&(0, 1] the function 7= 7(z) fulfils the fixed
point equation 7= A(zt) on the whole set D _,. As a consequence, 7(z) has
no zeros on D _,. |

Proof. The function G(z) :=1(z) — A(zt(z)) is analytic on D _,. After
Proposition 3.2, v = (z) fulfills the fixed point equation 7 =#A(z7) on D, .
Hence G(z) =0 on D, and, consequently, G(z) is identically zero on the
whole set D _,. Since A4(0)#0, 7(z) cannot have a zero in D _,. ||

Remark 3.6. The fixed point equation above is equivalent to the
third degree equation (written in terms of w(z)),
w(l +iw)2—z({+w)?=0 (3.18)

Solving this equation and identifying the adequate roots would furnish the
explicit expression of w as a function of ze D _,. Unfortunately this explicit
form is too complicated to be useful.

The bound |w(z)| <1 holds on D _,. Therefore,

I=(z):= lim Iy(z)= lim p,..-pyr(wy(z)) =ar(w(z))  (3.19)

is analytic on D _,. Since Iy(z)= —I\(z" ') for any NeN we conclude
that, for zeD_,;, we have I”(z):=limy_ o Ix(z)= —I<(z~"') which is
analytic on D_ . This completes the proof of Theorem 1.1. |

According to Theorem 1.1, the singularities of m(z), if they exist, must
be localized in the unit circle S*. In particular, F,(z) may have singularities
at points z for which w,(z) + 1 =0 for some 0 <n < N. As we will next see,
these singularities exist indeed and are poles. We will call these singularities
the Lee—Yang singularities of the magnetization at the origin m(z).

4. THE LEE-YANG SINGULARITIES OF m

For ne N we are interested in solutions of the following equation

wz)=—1 (4.1)
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Since w,{(z), as a function of z, maps both sets D _; and D, into itself, the
solutions of (4.1), if they exist, must lie on S':={zeC; |z| =1}. To show
the existence of solutions we observe that (4.1) is equivalent to the polyno-
mial equation zP,(z) + 0,(z) =0, which has at least 1 and at most 2"+! —1
distinct solutions in C. By the previous argument these solutions must all
lie in §' = C. We will establish below that the number of distinct solutions
is precisely 2"+ —1.

Let us denote by S, S the set of all solutions of (4.1) for a given
neN. Since w,(z) =w,(Z) we conclude that if z,e &, then z,€ S, as well.
Since w,(—1)= —1, it is also clear that —1e&,,.

Writing z =™, 0 < ¢ <27 for the elements of S, let us enumerate the
elements of &, in increasing order according to the angle ¢. Define

R, :={$(n, Hel0,x],1<I<2"}

where z(n, ) =™ satisfies w,(z(n, [))= —1. Since z= —1 is always a
solution of this equation we have ¢(n, 2") =z. In words, the set ‘R, is, for
each given n, the set of phases of all Lee—Yang singularities contained in
the upper half unit circle counted in increasing order, ie., ¢(n, ) = ¢(n, ')
for I>1'.

In the next two subsections we will establish the following theorem:

Theorem 4.1. The set R, becomes a dense set on [0, 7] when
n— o for r<{<1/3. |

To start with the analysis, let us look in more detail at the sequence
w,(z), neN, for ze S'. Firstly, consider the function 4(w) for we S'. Since
1/w=w we can write

1 +0w\?
12
= (157)
For w=: ¢” we have h(w)=: ™%, with
{sin @ >
- =20 L L 2
L(&Yy=L((, 0):=20 4arctan<1 + Ccosd (4.2)

Hence, defining ¢ through z=: ¢” and ¢, through w,(z)=: €%, jeN,
and taking into account that w;,, ,(z) = zh(w,(z)), we have

¢0:=¢7 ¢€[09 TC]
¢, 1:=0o+L($), ieN

These equations will be treated as a discrete dynamical system on R.

(4.3)
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4.1. Properties of the Discrete Dynamical System

Proposition 4.2. For all xeR and {€[0,1),L is a continuous
monotone increasing function of x such that L'(x) = L'(0) = A({), where

1-¢
M) =2 4.4
©) (1 . c> (44)
Moreover, the function L has the following properties:

(1) L{x+2rn)=4n+ L(x), xeR,
(i) L"(x)=0, for xe[0, 7],

0, O0<x<m
(iii) lim L(x)=< 2=, X=7
1
o 4r, m<x<2r |

Proof. By definition

1-¢?

1+2¢ cosx+62>>/1(€) (4.3)

L'(x)=2 <

This relation says that L is a strictly positive, strictly increasing function in
R,\{0}. We also have

41 =) si
L'(x)= (1 —IC—(ZC cgs)xsf;)z >0 (46)

for 0 < x <z Note that, for (=1 and 0 < x <=, L satisfies the differential
equation L'(¢)=0 with initial data L(0)=0. This shows (iii) since
L(n)=2x for any {. Item (i) is clear. |

Corollary 4.3. For xeR, and { [0, 1] one has the simple bound
Lix)=zMO) x. |}

In view of Proposition4.2 and since A({)>1 for 0<{<1/3, the
Liapunov exponent of the discrete dynamical system (4.3) is positive in this
range of {. We have also the following

Lemma 4.4. If ¢,cR, then ¢,cR, for all ieN, i=0. |

Proof. Let us assume, by an induction argument, that ¢;e R, . By
Corollary 4.3 one has

$iv1Z o+ M) 9,20 (4.7)

by the hypothesis. Since this holds for all ie N the lemma is proven. ||
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From now on we will consider only starting points in R_, what
reduces the dynamical system to a dynamical system on R . Let us denote
by ¢,(¢) the ith iterated of the discrete dynamical system having ¢ as
starting point.

Lemma 4.5. Let ¢* and ¢' two starting points with ¢>>¢'>0.
Denote ¢%=¢,(¢*), with ieN and a=1,2. Then for all ieN one has
$:>¢:>0. 1

Proof. Assume, by an induction argument, that ¢>> ¢!. Then

¢2
2= }+1=(¢2—¢‘)+f L'(s) ds
¢l
Z(¢*— ")+ M)pZ—0;)>0 (4.8)

by the hypothesis. |

Note that ¢,(4) is a continuous function of the starting point ¢, since
it is a finite composition of continuous functions. This fact and the previous
lemma immediately imply:

Lemma 4.6. For all ie N, ¢,(¢) is a strictly increasing continuous
function on R,. |

This lemma has an important consequence:

Corollary 4.7. The sets R,, neN, are composed by 2" distinct
elements, what in particular says that (4.1) has, for each ne N, precisely
27+1_1 distinct solutions in S'. Each set R, can be ordered such that
0<¢(n, ) <d(n, 'Y< for I<!' and the elements ¢(n, /) are such that

Phd(n, D)=m+2r({—1) (4.9)

for 1 <1< 2" All these facts hold for all {€[0,1). |

Proof. The sets R, ne N, defined above can also be characterized as
the sets of all ¢(n, N[0, 7], 1<I<2" for which ¢, (¢d(n,1))=n+2nn,
for some n;eN, depending on [ To see that n,=/—1 we note that,
due to Lemma4.6, ¢,(¢) is a strictly increasing continuous function
of ¢ with ¢,(0)=0 and ¢,n)=(2""'—1)n. Therefore, ¢,:[0,7]— [0,
(2"*!'—1) ] is an invertible map, the inverse being also strictly increasing
and continuous. We can define ¢(n, /) :=¢, '(z +2n(/—1)) for 1 <I<2"
Clearly ¢(n, Y <¢(n, 'y if I</'.
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4.2. The Sets R, in the Ferromagnetic region (0 <{<1/3)

In this subsection we will show that, in the ferromagnetic region
(0<{<1/3), the Lee-Yang singularities become dense in the whole unit
circle S' when the thermodynamic limit is taken.

The next two theorems are crucial for understanding the behavior of
the Lee—Yang singularities when n goes to infinity.

Theorem 4.8. With the above definitions we have

lim (¢(n,/+1)—¢(n,1))=0 (4.10)

uniformly in /, for all 0<<{<1/3. |

Proof. Call ¢,(n,[):=¢,(¢(n, 1)), the ith iteration started from the
point ¢(n, /). We have for 0<i<n—1

G I+ 1) — ¢, 1i(n, 1)
=¢(n, 1+ 1) = d(n, )+ L(¢:(n, I+ 1)) — L(¢;(n, 1))
Z¢(n, 1+ 1) —d(n, 1)+ ANBi(n, 1+ 1) —,(n, 1))

><i z(é)“) (B(m, 1+ 1) = (n, 1)) @11)

by Lemma 4.5, by (4.5) and by induction. Since ¢,(n, [+ 1) —¢,(n, ]) =27,
we get

n—1 —1
d(n, 1+ 1) —d(n, l)<2n<z A(C)”) (4.12)
a=0
uniformly in /. For A({)> 1, what happens if 0 <{<1/3, the limit (4.10)
follows. ||
We can also prove the following theorem:

Theorem 4.9. With the above definitions we have

lim ¢(n, 1)=0 (4.13)

H— O

forall 0<{<1/3. |
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Proof. For 0<i<n—1 we have
beor=in, 1)+ L) > d(n 1) + MO 6, (4.14)
>< 5 z(&)‘*) o(n, 1) (4.15)

Hence, taking i=n—1,

bn 1)< <z z(c>“>—l (4.16)

from which the theorem follows. |

Theorems 4.8 and 4.9, together with the fact that xe R, for all ne N,
imply Theorem 4.1. |

Remark 4.10. Notice that both Theorems 4.8 and 4.9 hold also at
the critical point {=1/3.

4.3. The Sets Rn in the Paramagnetic Region {1/3<{<1)

In Section 5 we will see that, for each value of { in the paramagnetic
region (1/3 <{ < 1), the sets €, are excluded from a neighborhood of z = 1.
However, one should expect that, in analogy to the situation in the
ferromagnetic region, the sets €, become dense in some proper subset of
S' when the limit # — oo is taken.

In this subsection we will prove a weaker statement, namely that there
exists a proper subset 4, of S! such that S, n 4,., becomes dense on A4,
when n — . Let us start capturing the main ingredients for the proof, as
we learned from the last subsection.

The proofs presented in the previous subsection show clearly that the
phenomenon of the Lee-Yang singularities becoming dense is closely
related to the positivity of the Liapunov exponents of our discrete dynami-
cal system. In order to obtain analogous results for the region 1/3 <{<1
one has to take into account that, for these values of {, the derivative L'(x)
is not larger than 1 for all points x {0, 2z]. However, if the trajectory of
the dynamical system visits frequently enough regions where L' is large, a
positive lower bound for the Liapunov exponent can be obtained with few
iterations. This can be the case if, for instance, the points of the trajectory
successively jump from a region where L' <1 to other where L' > 1, large
enough. Below we will follow this sort of idea in order to advance into the
paramagnetic region 1/3 <{<1.
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Consider the sets R, for 1/3<{< 1. For our discrete dynamical
system we have

@, 2=0¢o+ L(go+ L(¢))), izl (4.17)
Define, for ¢ [0, z] and xe R, , M(¢, x) := L(¢ + L(x)). Since
M. (¢, x)=L'(¢+ L(x)) L'(x) (4.18)
one has M (¢, x+27)=M (¢, x), xeR.
Assume that, for some convenient set [x%, 7] < [0, n], 0 <x° <7, one

has

M°:= inf inf M ($,x)>1 (4.19)

¢e[x% n]l xeR
This basic assumption will be proven at the end of this subsection. Let us
first draw some of its general consequences. For x°<a<b<n and
0<x<y on has

M(b, y) — M(a, x) = (M(b, y) — M(b, x)) + (M(b, x) — M(a, x))

b
= " M(b, 5) ds + [ My %) d (4.20)
But M (u, x)=L'(u+ L(x)) 20 and so

M(b, y)— M(a, x)> | T M (b, ) ds> M°(y—x) (421)

x

with M° given by (4.19). Under the assumption (4.19) and using (4.21) we
have, as in (4.11),

Givokn I+1)—¢, ,(n 1)
=(¢(n, 1+ 1) —d(n, 1)) + M($(n, 1 + 1), ¢,(n, [ + 1)) — M($(n, 1), ;(n, 1))
Z¢(n, 1+1)~d(n, 1)+ M%¢,(n, 1+ 1) —¢,(n, 1))

if2
>[ ) (MO)“] (¢(n, 1+1)—¢(n, 1)) (4.22)

=0
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for 1<i<n—2, i even, provided ¢(n, 1), ¢(n, I+ 1)e R, [«° =]. This
gives

n/2 —1
O(n, [+ 1) —d(n, < 2n ( E/: (MO)“> (4.23)

for n even and, following analogous steps,

b, 1+ 1) —b(n, 1) < G—}%) on (‘n-}f)ﬁ (M°)“>“I (4.24)

a=0

for n odd.

Since, by the hypotheses, the right hand side goes to zero when n— o0
uniformly in /, we have proven that, under the circumstances that provide
(4.19), the set R, n[«°, n] becomes dense on itself when n— 0. To estab-
lish that R, "[«° z] becomes indeed dense over the whole interval
[x° =] we will also need the following result.

Theorem 4.11. Let /°=/%n) be given by ¢(n, I°) =min{deR,:
¢ >«"}. Then, the limit lim,,_, , ¢(n, )=« |

Proof. Let us consider the dynamical system (4.17) with ¢, replaced
by k% k0 =K%+ M(K° ;). As in (4.22), we write

¢ oAn, 10) — K =¢(n, %) —x°+ M(¢(n, 1%, ¢ (n, lo)) - M(Koa K;)
= ¢(n, I°) —k° + M%$,(n, I°) —x,) 4.25)

The inequality in (4.25) follows from (4.21).

Repeating the steps (4.22)-(4.24) we conclude the proof of
Theorem 4.11. Recall only that ¢(n, I°)>«° = ¢(n, I°—1) implies ¢,(n, I°)
>K,2¢,(n 1°—1), giving ¢,(n, I°)—x,<2r. |

We shall next establish that R, N [«° 7n] becomes indeed dense over
the whole interval [ x°, =] under the above assumptions when n — oo. After
the above results, we only need to show that the sets R, n[x°, 7] contain
other elements than = for the considered values of { and for n large enough.

Since we already know that, for {=1/3, R, becomes dense on S'
when n goes to infinite, we can argue that, for {={, larger but close
enough to 1/3, there is a fixed n, large enough such that R, N[« x]\{z}
# (. This is because the elements of R, depend continuously on {. We
have seen that R, n[k% n] becomes dense on itself for »— oo and by
Theorem 4.11, we conclude that for {={, the set R, [« n] becomes
dense on [«° 7] when n— co. This sort of argument can, of course, be
repeated for larger values of { covering the whole interval 1/3 <{ <{,.

822/88/1-2-18
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It remains now only to prove that the basic assumption (4.19) indeed
holds for suitable values of {. For this a careful analysis of our discrete
dynamical system is necessary.

Let us introduce the sets #:={xeR: A({) L'(x)>1} and Z:=R\A,
where A({) was defined in (4.4). By (4.2) these definitions say that
L'(x) L'(y)>1 for any y € R provided x e 4.

Let us first show that the set 4 is non-empty if {€(1/3, 1]. A simple
computation shows that # =(y, 2n —y) +2nZ, where y =({) is the solu-
tion in [0, z] of the equation cos(y)= g({), where

1, if 0<¢<1/3

g = 352—2§C+3’ i 13<r<l (4.26)

Notice that |g({)| <1, as one easily checks. This says that # is a non-
empty set for 1/3 << 1. One checks easily too that g({) is a continuous
and strictly decreasing function for 1/3<{<1.

From (4.18) and (42) we conclude that, for xe4%, one has
M. (¢, x)>1 for any ¢ [0, z].

What happens if xe £? We will next show that for xe Z one has
¢+ L(x)e B, provided 1/3<{<{, where {,~046409, and ¢ is large
enough. Therefore, under these circumstances we also have the bound
M. (¢, x) > 1. We express these results in the following theorem:

Theorem 4.12. There exist a constant {,, 1/3 <{;<1, {; ~0.46409,
and a continuous strictly increasing function K({) on the interval [1/3, {,]
with K(1/3) =0, K({,) ==, such that, for {e[1/3,{,) and ¢ € (K({), ], one
has M (¢, x)>1 for any xe[0,2x]. |}

This theorem says that we can adopt x°=K({) in our previous
analysis.

Proof of Theorem 4.12. As we have already discussed, the case

x € is trivial, by the definitions. For x € # we want to show that, under
the hypotheses, one has ¢ + L(x)e 4, ie.,

y<(¢+L(x) mod 2n <2 —y (4.27)

We will split the proof in two parts. The first for xe [0, y] and the second
for xe[2n—7y, 2x7].
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Denote

K(&) :=y(0) + L(E, 9(D))

3—SC+3CZ> 4 <\/3(3—C)(3C—1)
——— | —4 arctan

20 5-3¢

=3 arccos <

) (4.28)

where L was defined in (4.2). After some computations, it can be shown
directly from (4.28) that for {e(1/3, 1],

33-9

0
-1

K'({)=

| —

Therefore, K is a continuous strictly increasing function of { in the
interval [1/3,1] with K(1/3)=0 and K(1)=5n/3>=n. This proves the
existence of a unique {, e (1/3, 1) with K({,) ==. A numerical computation
indicates that {, ~0.46409.

1. The case xe[0, y].

Here we want to show that
y<¢+L(x)y<2m—y (4.29)

Since L>0, the first inequality is clear since, by the hypotheses,
¢ > K() = y({) + L, y(£)) = n({) — L(x).

For the second inequality in (4.29) we notice that for xe [0, y] one
has L(x)<L({, y({)) since L is an increasing function. Hence, the
inequality y + ¢ + L(x) < 2z holds if y({) + L({, y({)) <=, since ¢ <7 But
this inequality is always true for 1/3 <{ < {,. This completes the proof of
the Theorem 4.12 for xe [0, y].

2. The case xe[2n—vy, 2n].

For xe[2n—y, 2n] we write x=27n— y, where y [0, y] and notice
that L(x)=4n — L(y). We want to show that

y<¢—L(y)y<2m—y (4.30)

The second inequality is trivial, because ¢ +y— L(y) <2z, since ¢ and y
lie in [0,7] and L>0. The inequality y+L(y)<¢ wil hold if
- ¢ >p(0) + L(E, p(§)) = K({), which is one of the conditions of Theorem 4.12
and can always be satisfied provided 1/3 <{ < {,. This completes the proof
of the Theorem 4.12. |
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5. ANALYTICITY OF m AROUND z=1 FOR 1/3<{<1

We shall now determine the domain of analyticity of the magnetiza-
tion m in the paramagnetic phase. We aim to show that, for 1/3<{ <1 and
pen, m can be analytically continued through the arc S'\4,, which, in
view of Theorem 1.1, proves the analytic statement of Theorem 1.2,

We begin by showing some preliminary results.

Theorem 5.1. Given 1/3<{ <1, let ¢ =¢({) and x =x({) be given
by (1.11). Then, for all ¢, <k, the fixed point equation

¢ =¢o+ L(9) (5.1)

admits a unique stable solution ¢* =¢*({, ¢,) to which the dynamical
system (4.3) converges. Moreover, the solution ¢* is a monotonically
increasing function of the initial condition ¢, with 0 < ¢* <¢<n. |

Remark 5.2. Theorem 5.1 implies that the arc S'\4, is free of
Lee-Yang singularities since (4.1) can never be satisfied for any ne N.

Proof. By Proposition 4.2, L is convex on the domain 0 < x <z with
L'(0)<1 if 1/3 <{< 1. Therefore, there always exists x =x({) >0 such
that, for all ¢, <k the graph of ¢, + L(x) intercepts the graph of x at least
once in this domain. The constant x is obtained by imposing ¢ = x + L($)
and the tangency condition

A — I_CZ _
L(¢)_2<1 +2Ccosq§+C2>_1 (52)

These equations determine uniquely x and the fixed point solution ¢ to
(5.1) at ¢, =k, in accordance to Theorem 5.1.

Next we will show that, the iterates of the discrete map (4.3) converges
to the fixed point ¢*. Let ¢* = ¢*((, ¢,) be the smallest solution to (5.1).
It follows from Proposition 4.2 that ¢ <¢,+ L(¢) <é* <¢ holds for all
¢ <¢* and ¢,<k. In particular, using (5.1), ¢,=¢* — L(¢*) <¢*. So,
(4.3) maps the interval [0, ¢*] into itself and it is contractive in this
domain:

|L(¢) — L(o)| <L'(¢*) |¢ —al =q* |¢ — o]
for all ¢, [0, $*]. This implies convergence of the sequence {4} ., to

the solution ¢* since g*<L'(¢)=1 and concludes the proof of
Theorem 5.1. |}
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We are now in position to determine the domain of analyticity of the
magnetization m according to Theorem 1.2. We begin by showing the
following result.

Lemma 5.3. For 1/3<{<1 and pen, the sequence {my=
Fy+1y, NeN} converges to a continuous function si=F+17on S'\4,,
where x =x({) is given by (1.11). |

Proof. Let z=e" with ¢, € [0, n) and recall that e¥/=w,(z), jeN,
are such that ¢, satisfy the discrete map (4.3). By Theorem 5.1, we have

1 —cos ¢,\'” f
N={———) < /< 5.3
Ir(w))l <1 +cos ¢j> o (5:3)
for some 6 =4d((, ¢o) >0 provided 1/3<{<1 and 0<¢,<x. As a conse-
quence, for any & >0,

M—1

|Falz) —Fn(2)| < X g Ir(Wj)ISﬁMilaj<6

j=N

for M > N, N large enough, since {a,},. is summable. This says that the
sequence of continuous functions F, converges uniformly to a continuous
function F on S'\4, with x =x({) for all 1/3<{<1.

Analogously, under the same conditions, we have

Wy— W 1
Li{z) —Iy(z)| <2 M << Wy—wil <
[T5(2) ~(2) (A+w)(L+wy) 5|WN wal <e

for any ¢>0 provided M and N are large enough, as a consequence of
Theorem 5.1. Thus, the sequence of continuous functions I, Ne N, con-
verges uniformly to a continuous function I on S'\4, . This concludes the
proof of Lemma 5.3. ||

By using the “Edge-of-the-Wedge” theorem, the analytic function m
studied in Section 1.1 can be analytically continued through the arc S'\4,
provided 7 is the limit of m when z approaches the arc S'\4,.. We shall
establish this in the following theorem.

Theorem 5.4. Let 1/3<{<1 and pen. Let m=m({, z, p) be the
analytic functions on =z stated in Theorem 1.1 for the domain
{lz| <1} U {|z| > 1}. If z, € S'\4,., we have

lim |m(z) —r(zo)| =0 1

zZ— 2z



256 Barata and Marchetti

Proof. Let w;=w;(z) be given by (2.3) with zeC, and recall the
sequence w;, je N, satisfies

wy=zh(w; )=z(how, ;) (54)

with w, =z. We set w, ; :=w;(z,), j€ N, with z, € S"\4,. and note that one
can write w, ;= e™ with the sequence ¢;, je N, satisfying (4.3).
We have |wy—wq ol =|z—2z,| and for j=1,2,.,

|Wj+1 —Wo, 41 | = IZh(Wj) _ZOh(WO,j)l
<lz—zo| + |z [A(w;) — h(w,_ ;)
=z —zo| +|2Q(w;, wo_ ;)| |w;—wq ;I (5.5)

where Q(w, w')=Q(1, w, w') is defined in (3.14).
For fixed ¢>0 and 0 <g <1 we let ze C be such that

|z—zy| <&(l1—gq) (5.6)
Note that, by Theorem 5.1 and Proposition 4.2,

2(1-0%)
1+2cos ¢, + (2

1Q(wo, j» Wo, ;)| = =L'(¢,) <1

holds for all je N since ¢j<¢§ (recall (5.2)). Now, using the fact that
O(w, w') is a continuous function of w and w’, there always exist numbers
0<g<1 and ¢>0 such that, for z satisfying (5.6), we have

sup Y 120w, w) <q (5.7)
weSN\4, W W —w|<e

We now claim that lim, _, . [w; —w, ;| =0 holds for any je N. Clearly,
|[wo—wg, | <e. By induction, let us assume that |w,—w, ;| <e for some
JjeN. Then |zQ(w;, w, ;)| <q and, from (5.5) and (5.6), we get

|Wj+1—W0,j+1| <|Z_Zo|+q |wj_W0,J'| <&

uniformly in je N. Since ¢ is arbitrary, this establishes the claim.
If |z—2z4| < (1 —¢q) &6/2 with & as in (5.3), we have

2w, —w |
: <eg
(1 +w)(1+w )l

D(z, zp) 1= [H(w;) — r(w, )| =
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and consequently

|mp{z) — 1 p(z0)] < |FN_FN| + |IN_7N|
N-1

< Z aij(z, Zo)+ py - paDY(z, 25) <&

Jj=0

holds uniformly in N. This concludes the proof of Theorem 5.4 and the
proof of the analytic statement of Theorem 1.1. ||

6. CONTINUITY AND DIFFERENTIABILITY OF m

The aim of this section is to establish Theorem 1.6. The quenched
magnetization at origin m will be here considered as a real valued function
ofzzm R, —~R

Our study on the smoothness of the quenched magnetization m will be
divided in three subsections. In the first it will be examined under which
conditions m is discontinuous at z=1 and its value will be computed. The
second subsection will establish smoothness of F under the assumption of
Theorem 6.5 which will be proven in the last subsection.

6.1. Jump of the Magnetization

This subsection is devoted to show that, for ze R, and 0<{<1/3,
m=1lim, _ , my is a continuous function of z if p e 7, and discontinuous at
z=1if per, with a>0.

We start by noting the following facts about the function r (the proof
will be omitted):

Proposition 6.1. r:xeR, —r(x)eR given by (3.7) is a con-
tinuous monotone decreasing function of x with r(x) = —r(1/x)<1. |

Proposition 6.1 and (3.11) imply m(z) = —m(l/z) and since
N-Va,+p,---py=1, we have —1 <m(x)<1. In addition, m(1)=0as a

consequence of w,(1)=1 for all neN.
Let {€[0,1/3),ze R, and pen,. By Proposition 6.1 and recalling

that lim,_, ., p, ---p,=0, we have

No1
|my—my | < Z a, [r(w)l+p1 - Pau L= Parsr - pul IH(wy)| <e
n=M+1 (61)
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for any £ >0 provided N and M, M <N, are large enough. The sequence
{my} nso is thus a uniform Cauchy sequence of continuous functions
which establishes the continuity of m in ze R, .

Note that this statement is also true for the sequence {Fy} v, if 7,
is replaced by = in the assumptions. So, in order m to be discontinuous at
z=1, Iy must converge, as N — oo, to different limits, 7~ and I <, depend-
ing on whether z is larger or smaller than 1. This requires pex, with a >0
and ([0, 1/3).

By definition w,(z), neN, satisfy (54) with wy=2z. The following
proposition gives some properties of £ which will be useful for this and the
next subsection. Its proof follows by an easy computation and will be
omitted.

Proposition 6.2. For ([0,1/3),h: weR, — h(w)e R given by
(2.1) is a continuous monotone increasing function of w, bounded from
below and above by {* and 1/{? respectively, with A(1)=1. Its first
derivative

gy 2+w) 1 =07
HW) ==y

has a maximum value at w=(1—3{?)/2{ > 1 given by

8

" =
with A"(w)>0 for 0<w<w and A"(w)<O0 for w>w. In addition,
K (1)=2(1—={)/(1 +{) is strictly larger than 1 for all 0<{<1/3. |

We shall now describe in the next proposition the limit points of w,.
By (3.11), we can restrict ourselves to ze[0, 1). This implies, in view of
Corollary 2.2, that w,, €[0, 1) for all ne N.

Proposition 6.3. Let (e[0,1/3) and ze[0,1). The sequence
w,, n€N, converges to the unique solution w=w({, z) of the fixed point
equation w=zh(w) in [0, 1). In addition, w is a monotone increasing func-
tion of z with

i _1—2c—c2_1—52<1-3z;>1/2 I
wi=limw= Y

21 202 282 (62)

Proof. The convergence statement of Proposition 6.3 follows from
Theorem 3.4 and Corollary 2.2. The fixed point w =w({, z) is monotone in
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z because £ is a monotone increasing function. The fixed point equation
w=h(w) at z=1 is equivalent to

(w=D[Cw? = (1 -2~ ) w+]=0
which, when 0 <{ < 1/3 has three real solutions but only one in [0, 1).

Remark 6.4. Proposition 6.3 can be extended to any ze R, by
using the relation w((, z) = 1/w({, 1/z) so, w:=1lim__, w({, z) = 1/w.

We now turn to the magnetization jump. As a corollary of the result
established in (6.1) we have lim_ ,, lim, _, ., Fx=0 for all pen. Therefore,
in view of Proposition 6.3, for pen, with a >0, we have

lim lim m,y=1lim lim Iy=ar(w)
z2A1l N— o z7 1 N> o

Analogously, by Proposition 6.1 and (3.11),

lim lim my=ar(w)= —ar(w)

zNl N> oo
from where (1.13) follows, since (recall (6.2))

_(a=9a+9'"
= i

r(w)

This proves the continuity and the magnetization jump statements of
Theorem 1.6. |

6.2. DIFFERENTIABILITY OF F

We have shown that F is a continuous function of z for all ze R, and
pen. Here it will be established the differentiability statement of
Theorem 1.6 under the same conditions. We recall that, in view of
Theorem 1.2, we need only to consider { [0, 1/3).

We shall use very often the recursion relation (5.4) with the initial con-
dition w, = z. Hence, to show smoothness of F, we need to estimate the kth
derivative, D*(fog), of the composition of two functions f and g. If &,
denotes the set of all partitions P=(P,,.., P,) of {1,2,.,k} and |P|
denotes the cardinality of the set P, we have

D(fog)= ¥, (fl D'Pf'g>f(s>og (63)

Pe# \j=1
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Now, let us assume that f and g are smooth functions such that, for
all ne N,

1 1
SUPOISCry  and S gPISCr; (64)

hold for some finite constants Cy, k,, C, and k.
Then, since 3’ | P;| =k for any partition P € Z, (6.3) can be bounded by

1 1 s '
LI fegl< T <n )1 CgKL,PJ'>s! Cpis
: T Pe?y \j=1
where
1 5
R(x) =15 %, <H |le!>s!xs (6.6)
‘P Pem, \j=1

To continue the evaluation of (6.5} we need an estimate on R,. It will
be convenient to write (6.6) in a more suitable form. If n; denotes the
number of times a set P with |P|=j occurs in the partition P, R, can be
written as

)
Ry(x)=Y, %xzf”f (6.7)

where the summation is over all k-component vectors n= (n,,..., n;) € N*
such that n, +2n,+ --- +kn,=k.
The following theorem is our main technical result of this section.

Theorem 6.5. Given keN _, let R.: R, +— R be the polynomial
defined by (6.7). Then,

Rix)<x(1+x)=1 | (6.8)
Theorem 6.5 will be proven in the next subsection.

Applying Theorem 6.5 to the inequality (6.5), gives an upper bound of
the form (6.4):

1
1D <Cp (69)
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where

C.x,
C — g™y
feg T T+ Cox,

and Kp., =K1+ C,rcf) (6.10)

The estimate (6.9) can be used to control inductively derivatives of w,
in (5.4) provided f is replaced by 4 and g replaced by w,_,. The next
lemma controls derivative of arbitrary order of .

Lemma 6.6. Let {[0,1/3) and we R, such that

1-202 1-¢2
w< C3C {1+(1_2§2)m} (6.11)

Then, the following holds

L

7 P < How)* 1 (6.12)

forall ke N, .

Proof. For keN,, we writt h=a-b where a=:({+w)> and
b=:(1+{w)~? and use the Leibniz formula:

Bt = i (k> qUoptk—r)
o \P

r=

where derivatives of b can be explicitly evaluated:

b(‘i)(w):(—l)j(j_kl)!(l—f——gw)z_” j=0,1, ---
We thus have
AP =(—=1) k! ¢ kc 6.13
(=D l+¢w/) ( )

where

_ 1=z IV 2y
—C2(1+CW)2[(k (1 —-07) =20 +w)]

Cr
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By induction, equation (6.12) is implied if

[R=Dw)[ - ' (w)

1
| k) <
o A (W)I\(k—l)!

holds for k> 2. In view of (6.13), this follows provided

L1 +Lw)? [(k=1)(1 =) = 20(L +w)
<21 =)+ w)ltk—2)(1 =) =20 +w) (6.14)
There are three cases to be considered:
Case I (k—1)(1—C%)>(k—2)(1~0%)>2UL +w),
Case I1 (k—1)(1—-{?)>20¢+w)=(k—2)(1—={¢?) and
Case III 2{({+w)=(k— 1)1 =) > (k=2 (1-03).

We can verify that (6.14) is true in all cases provided the following
condition holds:

L +w)2 <21 =N +w) (6.15)

For case I and II, simply replace (k—1) by (k—2) in the left-hand side of
(6.14). For case III, note that (6.14) is equivalent to

[ +w)? =201 = U+ w)I2L(C +w) = (k—1)(1 = 3]
<2(1=3)(E+w)

which is always verified since, under the conditions of case III and (6.15),
the left-hand side cannot be positive.

Solving (6.15) for w gives the upper bound (6.11). This concludes the
proof of Lemma 6.6. ]

We are now ready to prove the following

Theorem 6.7. Given 0<{<1/3, let ze R, be such that w=
w({, z), the solution to the equation w = zh(w), satisfies (6.11). Then, for
n, ke N with k> 1, there exist finite constants C= C({, z) and u = pu({, z),
such that

cut  if z#1

.16
Cur* if z=1 (6.16)

1 k.
%‘!ID Wn|<{

holds with C({,z) <1 if z#1 and u({, 1) = A({) given by (44). |
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Proof. Theorem 6.7 will be proven by induction. Let us denote

1
Wk:E |D*w | keN (6.17)

n

(W° =w,) where D denotes the differential operator d/dz, and suppose
WES W, uk (6.18)
holds with positive constants W, and u,,, u,, > 1. Since w, =z, we have

1 if j=1

1< .
W {O otherwise (6.19)

which certainly satisfies (6.18) with W, =2 and u,=1 (these are chosen so
for late convenience). Differentiating (5.4) k-times and taking absolute
value, gives

1 1
1 1D <2 IDMhew,)| +

1
Gy 10 e w)

Applying Eqs. (6.9) and (6.10) with f replaced by /4 and g replaced
by w,, and using Lemma 6.6, yields

1 W
Wi < <Z +#—> 1*:7_—”7 (a1 +7,w,)]1*

where 7, :=h'(w,). Here, the positivity of W, and u, > 1 have been taking
into account. This gives, in view of (6.18), the following recursive relations

1\ X,
Xos1=1, (Z+;>1+Xn and oy, =ull+X,) (620)

where X, =9, W,.

We now distinguish two possible scenarios: either X, tends to zero as
n— oo or remains bounded from above and below by finite positive con-
stants. We shall see that X, — 0 exponentially fast if 0 <{<1/3 and z#1
and this leads x4, » u < oo whereas, if 0<{<1/3 and z=1, X, converges
to a finite positive constant and y, — o0 exponentially fast. To show this
we need the following result.

Lemma 6.8. Let {€]0,1/3),ze R, as in the Theorem 6.7 and let
1, =14, z) :=h'(w,). Then, the sequence #,,neN, converges to # as
n—oo with 0<nz<lifz#1. If z=1,9,=AM)=2(1-0)/(1 +¢{)>1 for
allmeN. |
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Proof. From Proposition 6.3 and the continuity of #', #,, converges to
a limit # = A'(w) where w=w({, z) is the solution of the fixed point equa-
tion w=zh(w), provided {e€[0,1/3) and ze[0, 1). From Remark 6.4 this
can also be extended to ze (1, «0). Differentiating w = zh(w) with respect
to z, we obtain

Ww)z=1 —@—’3)1 h(w) (6.21)
oz

where Ow/0x, in view of Proposition 6.3, is strictly positive establishing that
nz < 1. Note that w,=1 for all ne N provided z=1 (recall Corollary 2.2)
and this implies ,= A({) concluding the proof of the lemma. ||

We shall prove that X, —» 0 and x4, —» u < oo by contradiction. We let
{e[0,1/3)and ze R, , z#1, and assume that u, diverges as n — co. Then,
in view of Lemma 6.8 and our hypothesis, there exists a finite number

no=ne(¢, z), such that
1
7, <z +—> <1
Hn

for all n>n,. This leads, by (6.20), the sequence {X,}, . to converge to
zero exponentially fast and the sequence {u,},.n to converge to u < oo,
contradicting our assumption.

We now let {€[0, 1/3) and z=1. Then, by Lemma 6.8

1 1
&, =1, <z+ﬂ—>=/1<1 +ﬂ_>>1

and this implies, by induction, that 1 + X, >a,> 1 for all e N, and conse-
quently

#n+l: 1—[ (1+X;)> l—[ X,

j=0 j=0
leads u, — co. For the induction, note that 1+ X,=1+n,Wy=14+24
> a,. Assuming that 1+ X, > «, is true, we have, in view of (6.20),

%y

1+ X,

n

l-"_‘Xvn+l=1-i_(x'n_

>a’n>an+1

since the sequence u,, n€ N, is monotone increasing.
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Since the u,, tends to infinity exponentially fast so do «, tend to A. As
a consequence, there exist a constant C, such that

tovr =11 1+ X)<Cant!

j=0
This concludes the proof of Theorem 6.7. |
We shall now finish the proof of Theorem 1.6.

Proof of Theorem 1.6 (Conclusion). Let us fix z=1. Differentiating
(3.8) k-times, gives

1
ic_'DkFN z oy Dk[row,,] (6.22)

which can be estimated by using (6.9), Theorem 6.7 and

<5, (623)

Here, (6.23) is obtained from the explicit formula r“Y(x)=(—1)';!
2(1+x)’, jeN, and from Corollary 2.2.
Now, (6.9) with f replaced by r and g replaced by w,, implies

1 k C kot nk
yw [row,]| <4C 1+5 U (6.24)

with C and x as in Theorem 6.7.
In view of (6.22) and (6.24), there exist finite constants, C, and C,,
such that

1 N
o |D*Fy— D*F | < C, C5% Y au*<e

n=M+1

for any ¢ > 0, provided {a,u*"},, is a summable sequence and M, N> N,
for some Ny= Ny, p, k) < o large enough. The sequence {D*Fy} y-o0,
for any keN, is a uniform Cauchy sequence of continuous function of z
in R, . This concludes the proof of Theorem 1.6. |
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6.3. Polynomial Domination of R,

Proof of Theorem 1.6. Let us first assume that the following upper
bound

R()<x T R(¥) (6.25)

j=0

holds for all xe R, and &k > 1, with Ry(x) = 1. The inequality (6.25) will be
established afterward.
We prove (6.8) by induction. For k=1, R,(x)<x by (6.25). Now,
assume (6.8) valid for k=1,..,n, ne N, . From (6.25), we have
Rn+1(x)<x<1+x Y (1+x)j1>=x(1+x)" | (6.26)

j=1

Proof of (6.25). Define

and notice that the coefficients of R, can be written as

) nt s () ()

ml.n! ety wly, ! \n ny

With this notation, (6.7) can thus be written as

Ry(x)=Yx" Y <Zz> xn. Y <ﬁ’;> XS+ - +kny)  (627)

where d,(m)=1 if m=k and 0 otherwise.
For 1<i<j<k, let R{"/|(x) be the polynomial of order k in x
obtained from (6.27) by setting n,,.., n;,_y, 1, 1,.., 1, all equal to 0:

Rl[ci,j](x)zzx"i Z <':;i+l>x"i+l Z<£]> x”j&k(ini_|_ +J'nj)
n; g i+1 ny 7

Now, note that n, =0, 1 are the only values which satisfy the equation
ny+2n,+ --- +kn,=k In the case n,=1, we have n,=-.- =n;, ;=0
and y, = 1. Equation (6.27) can thus be written as

Ri(x)=RIM " x)+x=R>* 2 (x)+ xR, _(x)+x  (6.28)
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Here, RL:*~1)(x) has been written as

R;[cl,kfl](x):Rl[{z,k—ﬂ(x)_*_ Z X Z <J’kv1>

m#£0 ey M1

xx* 19 n+ - +(k—=1)n,_))

and, by making the change of variables n} = n; — 1, the second term can be
written as xR, . For the first term, we note that 2n, + --- +(k—1)n,_,
=k holds only with n, _, =0. This implies (6.28).

This procedure can be repeated for the sum over n, in R[>*~2)(x).
For the term with 7, > 1, we change variable to n, =n,—1

x z xm2—1l... Z <yk2>x”k~2

ny=1 1 Me—2
X0y _2(2n, =2+ - +(k—2)n;,_,)=xR[>%~2]

and notice that RI>%5~?V< R, _, by the positivity of x.
Relation {6.28) therefore says

Ri(x) <R1[<3’k_3](x) +x(Ry 2+ R ((x)+1)

where we have used that 3a;+ --- +(k—2)n,_,=k holds only with
n,_,=0.
Continuing this process, we get

Ri(x) <x(Rpgpy(x)+ - + R, _(x)+1)

where [v] is the integer part of veR. Since R;(x) >0 for xe R, this con-
cludes the proof of (6.25).

ACKNOWLEDGMENTS

We are indebted to C. Bonato, P. L. Christiano, H. von Dreifus,
S. R. de A. Salinas and W. F. Wreszinski for suggestions and stimulating
discussions. This work was partially supported by CNPq.

REFERENCES

[AW] M. Aizenman and J. Wehr, “Rounding Effects of Quenched Randomness on First-
Order Phase Transitions,” Commun. Math. Phys. 130:489-528 (1990).

[BG-R] F. A. Bosco and S. Goulart Rosa jr, “Fractal Dimension of the Julia Set Associated
with the Yang-Lee Zeros of the Ising Model on the Cayley Tree,” Europhys. Lett.
4:1103-1108 (1987).

822/88/1-2-19



268

Barata and Marchetti

[DKP] H. von Dreifus, A. Klein, and J. F. Perez, “Taming Griffiths Singularities: Infinite

[Fi]
[F]

(G]
[KG]
[LY]
(MW]

[Mo]

[5]
[T]

Differentiability of the Correlations,” Commun. Math. Phys. 170:21-39 (1995).

M. E. Fisher, “The Theory of Condensation and the Critical Point,” Physics
3:255-283 (1967).

J. Frohlich, “Mathematical Aspects of the Physics of Disordered Systems,” in Criti-
cal Phenomena, Random System and Gauge Theories, K. Osterwalder and R. Stora,
eds. (Elsevier, Amsterdam, 1986).

R. B. Griffiths, “Nonanalytic Behavior Above the Critical Point in a Random Ising
Ferromagnet,” Phys. Rev. Lett. 23:17-19 (1969).

P. J. Kortman and R. B. Griffiths, “Density of Zeros on the Lee-Yang Circle for
Two Ising Ferromagnets,” Phys. Rev. Lett. 27:1439-1442 (1971).

T. D. Lee and C. N. Yang, “Statistical Theory of Equations of State and Phase
Transitions II. Lattice Gas and Ising Model,” Phys. Rev. 87:410-419 (1952).

B. McCoy and T. T. Wu, “The Two Dimensional Ising Model” (Cambridge,
Harvard University Press, 1973).

J. L. Monroe, “Comment on “Fractal Dimension of the Julia Set Associated with the
Yang-Lee Zeros of the Ising Model on the Cayley Tree,” F. A. Bosco et al.,”
Europhysics Letters 29:187-188 (1995).

A, Siit6, “Weak Singularity and Absence of Metastability in Random Ising
Ferromagnets,” J. Phys. A: Math. Gen. 15:L749-1752 (1982).

E. C. Titchmarsh, “The Theory of Functions” (Oxford University Press, Second
Edition, 1939).



